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§7. I P(t) denotes the population at time ¢ and A(z) the average annual income, then T'(t) = P(t) A(£) is the total personal
incomme. The rate at which 7'(t) is rising is given by T'(£) = P(£)A'(t) + A{)P'()) =
T7(1999) = P(1999) A’ (1999) + A(1999)P' (1999) — (961,400)($1400/yr) + ($30,593)(9200/y1)
= $1,345,960,000/yr + $281,455,600/yr = $1,627,415,600/yr
So,the total personal income was rising by about $1.627 billion per year in 1999.
The term P(t) A’(t) ~ $1.346 billion represents the portion of the rate of change of total income due to the existing
population’s increasing income. The term A(2)P’(f) ~ $281 million represents the portion of the rate of change of total
income due to increasing population,

0. @) (foh)' = [(fO)h) = (faVh+ (FON = (F'g+ F o+ (Fo)’ = F'gh+ fo'h+ fah'

(b) Putting f = g = in part (a), we have %[f(-’l’)]a =(FfHfY =FIf+5f'f+f5f =3f5f =3{f@)]*f'(z).
© % (ﬂsm) =— (e‘)3 = 3(e*)%e® = 36™¢” = 8%

61. For f(z) = 2%¢°, f'(z) = ze” +e°(27) = e(z? + 2z). Similarly, we have

..f-”(a:) =e"(z? + 41: +2)

F(z) =€*(a? + 6 +6)

F®(z) = e*(z® + 8z + 12)

F®(z) = e*(z? + 10z + 20)
It appears that the coefficient of = in the quadratic term increases by 2 with each dlﬂ‘erenUatlon The pattern for the
constant terms seemstobe 0 =1:0,2=2.1,6=3.2,12=4.3,20 = 5 4. So a reasonable guess is that
F™z) = e®[2® + 2na + n{n — 1))

Proof: Let.5, b the statement that £™)(z) = %[z + 2nz + n(n — 1)),
L. 8y is true because f'(z) = e(z? + 24).
2. Assume that Sy is true; that is, £*)(z) = e*[z? + 2%z + k(k — 1)]. Then
FED(g) = '% [f"‘) (ar)] = &%(2z + 2k) + [2° + 2k + k(k — 1)]e”
= ”[a? + (2k + 2z + (K + k)] = e[z + 2(k + 1)z + (k + 1)k]

‘This shows that Sk+1 is true.
3. Therefore, by mathematical induction, S,, is true for all n; that is, f(™(z) ='e*[z® + 2n2 + n(n — 1)} for every
posmve integer n.
3.3 Derivatives of Trigonometric Functions .

1. f(z) =32 —2cosz = f'(x) = 6z — 2(—sinz) = 6z + 2sinw

3. f(z) =sinz+ cotz = "f'(x) =cosz — tcsc’x
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SECTION 3.3 DERIVATIVES OF TRIGONOMETRICFUNCTIONS O 101
5. g(t) =t cost " =5 g'(f) = t°(—sint) + (cost) - 3t* = 3t% cost.— £3sint or *(3cost — tsint)
7. h{f) =cscO+ePcotd = A'(8) =—csch cotd+ e®(—csc? 8) + (cot B)e? = — cscf cot 8 +e®(cot 8 — csc? 0)

9, y= -z P (2“133-‘137)(1)‘-’17(—39022:) __‘2—-tz'm:z:+mseczw :
Y= 3 tanz v= (2 —tan z)2 T (2—tenz)?

. /]
1. f(ﬂ) = T-:?fm =

— (1+sec8)(secd tand) — (secf)(sech tan f) _ (secﬂ tan@) [(1+secd) —secd] _ secd tand

I
7'6) 0+ s6c0)2 (It secB)? = [+ o0y
_ tsint
¢ (L+)(tcost+sint) —tsint(1) _ toost+sint+i%cost+tsint —tsint (£ + ) cost +sint

- ¥ a+o2 (1+10)? (1+0?

15. Using Exercise 3.2.59(a), f(z) = ze“cscz =
F(z) = (z)'e” escx + z(e®) cscz + 2e®(csc z)! = 1e* cscz + we” cscx + xe”(— cot x cscx)

=e"cscx(l+z — zeotm)

d - da /1 _£sina:)(0)—i(cos:s)_—cosa:__‘1\ cosx
. dx(cscz)_dm(sinm)_' sin? z T s’z | sz sng | CoC otT

4 (cotz) = & (Cos2Y _ (sina)(-sinz) —(cosz)(cosz) __sin®ztcos’z 1 .,
8. g (cota) =52 sin:z:)_ sin” T 7 an?z | snlz o0 °

2. y=seczx = y"=secxtanz,soy'(§)#secgtan§=2\f3_. An equation of the tangent line to the curve y = sec
atthe point (§,2) sy ~2=2v3(z - ) ory =23z +2 - 23

B.y=cosz~sing = y' =-sinz—cosz,s0y ()= —sinwr—coswr=0—(-1) =1. An equation of the tangent
linetothecurvcy=oosm—sina:atthepoint(1r,-71) isy—(—l) =lz-mory=z—7—1.,

37

8. @y=2zsine = y =2zcosz+sinz-1). At(F,n), ® 5

¥ =2(Fcos § +sin¥) = 2(0+ 1) = 2, and an equation of the
z COB3 +5ny : _

tangent lineis § — 7 = 2(z — %),ory=2m.

2. (@) f(z) =secz—z = f'(z)=secztanz—1

)] \ -
[ 2 Note that f' = 0 where f has 2 minimum. Also note that f” is negative
. . _ |
L' L~ JE when f is decreasing and f/ is positive when f is increasing,

-

)
2

0
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102 O CHAPTER3 DIFFERENTIATION RULES

2. H(9) = 6sind = H'(9) =6(cosd) + (sinf) - 1= fcosd +5ind =
H"(6) = 8 (—sin) + {cosf) - 1 + cos® = —@sind + 2cos @

z-—1
M. (@) flz) = =0
Flz) = sec Z(sec? z) — (tanz — 1){secz tan ) _ secz(sec’ z — tan’ z +tanz) _ 1+ tanz
(secz)? sec? z sec T
sinz ginz — cosz
tanz —1 -1 hS . :
®) f(z) = - COB-"l’ =" coisz =sing —cosz = f'(z)=cosy~ (—sinz) = cosz +sinz
secT _ . :

COSZ cosT

(c) Frompart(a) Fz)= 1t 1 ens =cosz +sinz whichistheexprcssi.c)nforf’(m) in part (b)

! fecT  secx = sec: ? . '

33, _f(.'z:)=sc+2lsinzhasahoﬂmnta]tang'ent;whenﬁ"(z)=0 < 1+2c82=0 & cosz=-3 &

T = I 4 2mnordr + 2mn, where n is an integer. Note-that 4= and"”’are:l:"’umtsfromrThlsallowsustomtethe

solutions in the more compact equivalent form (2n + 1)wr + Z, nan mteger
35. (a) x(f) = 8sint = w(t) =2'(t) =8cost => a(t) =az"(t)=-8sint
(b) The mass at time ¢ — 2% haspos1t10nm(2”) =8sin 2r 8( ) —4\/_ velocltyv(z”) 8cos ¥ =8(-1) = —4,
and acceleration a(%") —8sin2r = -8 (—’2&) =-4 V3. Since v(3%) < 0, the patticle is moving to the left. -

3. ‘ From the diagram we can see that sin 8 = z /6 ,é 2 = 6sind. We want to find the rate
of cliange of = with respect to &; that is, dz/df. Taking the derivative of the above

6
expression, dz/df = 6{cos ). So when 6 = %, 2 = 6cos I = 6(3} = 3m/rad.
[
X
. sin3z 33z . : .
39. lim = lim - . [multiply numerator and denominator by 3]
2—0 T . =z—0" 3z
. sindz
—33]:.590 32 [asz — 0,32 — 0]
= 3lim B‘;%” [let § = 3z]
=3(1) {Equation 2] .
= 3 '
mta.nﬁt — Sinﬁt_ 1 -t lim ﬁsinﬁt_ \ 1 lim 2t
Tto0 gin2t  t—0\ ¢t cos6t sin2t t—=0 6 t—0cos6F =0 2sin 2t

sin6t 1 1. 2% 101,
=6lim —— t-.ucosst'iz-osinzt_ﬁ(l)' 2(1)_3

sin3z . {sin3z .3 . _sindz 3 _ 3y 3
'z-.osmhm_i’—%( 3z '5;:2—4)“35: P Y gy (_)_
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SECTION 3.3  DERVATIVES OF TRIGONOMETRIC FUNCTIONS [ 193

45. Divide numerator and denominator by 4. (sin & also works,)-

sin @ . sinf
. sinf - ] 80 @ 1 1
lim ——— = lim : = ==
0—0 01 tand -"-'°1+Bm‘9. 1 1+11.m smﬂhm 1 1+1 1 2
@  cosh - 80 cosf
smm) - cosz .
1—tang = lim ' COST —sing | = bm —1= -1 '=_‘/§

4. m—h;?rl/‘i sinz — cos g _:v—ur/4 (sinz — cosz) - $ COBZ _z—m/4 (sinz — cosz) cos z " z—w/4 cOSZ - 1/v/2
49, i(sina:)=c¢3¢s.w: = —di(sin:c) —sinz = i3—(51.11:5)--—-::‘c:sla: = (sinz) = sinz.
T dz - da? dzt
d f le of fi G ds i
The erivatives o: smxoccurmacyceof our. Since 99 = 4(24) + 3, wehavem(smz) ey (sinz) = —cos .

51.'y = Asinz + Beosz =>I' ¥ = Acosz — Bsinz = ¥ = —Asing — Bcosz. Substituting these
expressions for y, 3/, and y” into the given differential equation " + y' — 2y = sinz gives us
(—Asinz — Beosz) + (Acosx — Beinz) - 2(Asmz + Bcosz) = sing <
—3Asinzx -Bsin:v+Acosa:-3Bcoaz=sina: & (—34 -B)si-‘n'a:+ (A—3B)eosz = 1sinz, s0 we must have
—8A-B=landA-3B =0 (since 0 is the coefficient of cos  or the right side). Solving for A and B, we add the first

equation to three times the second to get B = —foand 4 = -,

_ 2 2,
5, (a)-—ta.nz-_ d sinx = sec?g = SOBT COST — 8inz (- sinz) _ cos“z 4 sin z Sosec®z — - .
dz cosz cos? cos? z cos? g
(b) —d—secx—- i-—!— = secT tanz = (cosm)(()) —_1(_-811”"). Sosec tanz = St
dz cos x cos? cos?g
d 1+cota
{©) —-(sln::+ooaz) & o

cosz — sing = SCE(esc?z) (1";°°t‘”)(_°3°“"c°t$) escz [~ csc®x + (1+ cot 2) cot 2]
e esc? o

_ —os’z+cot?2+ cot _ =“l4cotz
N cscz "~ csex

s Cotz—1
Socosz —sing = ~— "~
e cscx

55. By the definition of radian measure, 5 = 78, where r is the radius of the circle, By drawing the bisector of the angle.8, we can
/2 o . 0 2.0/ gp .

see that ﬂmg =T T d4=2Zrsing. S0 g%r d e, 2rsin(9/2) 9%+ 28in(8/2) ~ s—osim(6/2)

.[This is just the reciprocal of the limit ].i.[% %E = 1 combined with the fact that as 8 — 0, _% .—r 0 also.]
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